Summary. We take a semiparametric approach in fitting a linear transformation model to a right censored data when predictive variables are subject to measurement errors. We construct consistent estimating equations when repeated measurements of a surrogate of the unobserved true predictor are available. The proposed approach applies under minimal assumptions on the distributions of the true covariate or the measurement errors. We derive the asymptotic properties of the estimator and illustrate the characteristics of the estimator in finite sample performance via simulation studies. We apply the method to analyze an AIDS clinical trial data set that motivated the work.
Introduction
Errors in covariates are common in clinical studies, and standard data analysis tools ignoring the fact that the covariates are measured with errors may result in biased and inconsistent parameter estimation. Traditionally two approaches exist in handling errors in covariates: the functional approach where unobserved true covariates are assumed to be unknown parameters, and structural approach where unobserved true covariates are treated as a random variable with a probability distribution. The modern perspective further makes a difference between whether or not a method imposes a parametric model for the distribution of the unobserved covariates, and considers the parametric modeling as structural approach, while classifies the nonparametric modeling as a kind of functional approach. From this perspective, our work belongs to the modern structural approach framework.
Errors in covariates in the Cox proportional hazard (CPH) model has been studied extensively by Prentice (1982) , Nakamura (1992) , Hu, Tsiatis, and Davidian (1998) , Huang and Wang (2000) , Hu and Lin (2004) and Zucker (2005) . In the extended cure rate model context, Ma and Yin (2008) proposed a corrected score estimator to handle errors in covariates. However, relatively less attention has been given for developing general methodology for handling errors in covariates in the proportional odds (PO) model and in the linear transformation model which contains the CPH and PO models as two special cases. Some recent works in the area of linear transformation models include Fine, Ying, and Wei (1998) , Gao and Tsiatis (2005) , Lu and Zhang (2010) . Wen and Chen (2012) developed a conditional score approach for handling errors in covariates in the context of current status data using the PO model. Cheng and Wang (2001) considered measurement errors in covariates in analyzing right censored data using the linear transformation model. In their set up, they assumed parametric models for both the paired differences of the measurement errors and the paired differences of the unobserved true covariates.
In this article we develop a semiparametric method for analyzing right censored failure time data using the linear transformation model while a covariate is measured with error. We consider the scenario where replicated measurements of a surrogate variable are available. We build our estimator through forming an estimating equation which inherits the structure of the estimating equation in Chen, Jin, and Ying, 2002 , where estimation and inference of linear transformation model without covariate measurement errors is considered. The nice feature of such estimating equation approach is that there exists a closed form expression for the standard errors for the finite dimensional regression parameter estimator. An additional advantage of our approach is that we can accommodate any error distributions. Furthermore, unlike Cheng and Wang (2001) , our approach is applicable as long as the time-to-failure and the censoring time are independent conditional on the covariates. This work is motivated by an AIDs clinical trial data Hammer et al. (1996) . The goal of this trial was to compare the efficacy of several therapies on the HIV-infected adults. One of the critical parameter for HIV-infection is the CD4 cell counts, the building blocks of body's immune system. In this trial, CD4 cell counts were first measured for screening purpose, then repeated measurements were taken at the baseline, and finally they were measured on a regular basis after the treatment began. Since the true CD4 counts is impossible to obtain, we treated the two baseline measurements as the erroneous values of the actual CD4 counts. Our interest is in finding the effect of baseline CD4 cell counts and the four therapies on the time to death or AIDS using a linear transformation model.
The rest of the article is organized as the following. In Section 2, we describe the model and its background information. We then explain how to estimate the distribution of the unobservable covariate conditional on the observable ones and the surrogates in Section 3. The main estimation methodology is given in Section 4, and we derive the corresponding
where the measurement errors U * ij are assumed to be iid copies of a random variable U * which follows a symmetric distribution centered at 0. We assume that U * is independent of (T, X, Z, C). The linear transformation model is
where H is an unknown monotone transformation function, e is a random variable with a known distribution and is independent of Z and X, and β = (β
T is an unknown regression parameter of interest. The proportional hazards model and the proportional odds model are two special cases of (1) with e following the extreme-value distribution and the standard logistic distribution, respectively. Let λ(•) and (•) be the corresponding hazard and cumulative hazard functions of e, respectively. In the following paragraph we describe the estimation procedure given in Chen et al. (2002) when X is observed without any measurement errors.
Define
T and H 0 (•) are the true values of β and H, respectively. Note that M * (t) is a martingale process with respect to filtration σ{Y (u), N(u), Z, X, 0 ≤ u < t}. The nonparametric estimate of H will be derived at the observed failure times. Define H as the collection of non-decreasing step functions defined on [0, ∞). Also, for any H ∈ H, set H(0) = −∞. Chen et al. (2002) recommended to estimate β and H by solving the following estimating equations:
Clearly theĤ that solves U H (β, H) = 0 belongs to H.
Estimation of f X|W,Z (x|w, z)
To handle the measurement errors, we need to understand the relation between the unobservable true covariates and the observed ones. To this end, we first point out that under the independent symmetric error assumption, the measurement error distribution can be easily estimated. 
We can estimate f U (·) using the above formed Hall and Ma (2007) , where K(·) is a symmetric kernel function and h > 0 is a bandwidth.
The availability of W i 's and Z i 's easily allow us to obtain an assessment of f W|Z (w | z). Because f U (u) can also be estimated, this allows us to recover the distribution of f X|Z (x | z), or at least provides us sufficient information to propose a suitable model for f X|Z (x | z). See also Li and Vuong (1998) for more in depth study on how to assess f X|Z (x | z) from multiple observations. Thus, we use a parametric model f X|Z (x | Z, θ) to denote the conditional density of X given Z, where θ is a finite dimensional parameter. Therefore we work in a partly structural model framework by assuming the functional form of f X|Z to be known, while leaving the error distribution unspecified. Although the functional form of f X|Z is assumed to be known, it does not have to belong to any specific family such as the normal distribution family. Observe that f X|W,Z (x|w, z; θ,
Here and in the following text, we use f X|W,Z (x | w, z; θ, f U ) to emphasize that the conditional probability density function of X on W, Z relies on f U . In the case when f U (u) is estimated nonparametrically, we write f X|W,Z (x | w, z; θ, f U ). Note that f U can be obtained based on V i 's directly. Subsequently, θ can be obtained through maximizing
While allowing the error distribution f U to be unspecified is very flexible, we retained the parametric assumption on f X|Z in our model. Obviously, this implies certain restriction. For example, because X is unobservable, f X|Z is harder to model than if X had been available. However, once f U is estimated, f X|Z is identifiable through a deconvolution step, hence its modeling is not completely unfounded. In addition, in our 
Estimation of β With Estimated
Having obtained θ and f U , we can plug in the resulting f X|W,Z (x | w, z; θ, f U ) and carry out the estimation procedure described. Specifically, the induced model of T given (W, Z) is
Therefore, the induced cumulative hazard of T given W and Z is
and the induced hazard for T given W and Z is
Our proposal is to estimate β and H by solving estimating equations (3) and (4). Let H(u, β, θ, f U ) be the solution of Equation (4).
Asymptotic Theory
To facilitate the derivation and statement of the asymptotic theories, we defineλ(u)
Here ∂J/∂H 0 (u) is obtained by replacing the H 0 (u) function in J with a variable, taking partial derivative of J with respect to this variable, and then replacing this variable by H 0 (u) in the result. For a generic function g(u, β, ·), K(n) are the distinct failure times in the observed data. Before we describe the asymptotic properties of the estimator, we require some lemmas.
where
The proof of Lemma 1 and the remaining lemmas are given in the supplementary material. We now summarize the asymptotic properties of the estimator β. Theorem 1. Under the regularity conditions listed in the Appendix, 
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Despite of the relatively complex form of 1 and * , we are able to derive their consistent estimators which are essential for inference purpose. Specifically,
with a ⊗2 ≡ aa T for any matrix or vector a and
, where C D (u) and C N (u) are obtained by replacing the true parameters by their consistent estimators and expectations by their empirical averages in C D (u) and C N (u). Although 1 contains terms like ∂ H(·, β, θ, f U )/∂β, it does not involve ∂ θ/∂β or ∂ f U /∂β as θ and f U were estimated independent of β. Note that in * , the first term is due to the linear transformation model whereas the second term involving ϒ i (u) is due to estimated θ and f U (·), and
Due to limited space, here we provide consistent estimators for D 1 and Q i , and the actual expressions are given in the supplementary materials. Specifically, 
We have used a linear logistic model to estimate pr{Y (t) = 1 | w, z} and pr{Y (t) = 1 | x, z}. Alternatively, pr{Y (t) = 1 | w, z} can be estimated through the nonparametric kernel method and pr{Y (t) = 1 | x, z} can be estimated via the deconvolution approach (Carroll and Hall, 1989) . The estimator of θ and f U are plugged into the estimating equations (3) and (4), and then β is obtained. Because of this profiling procedure, analyzing the asymptotic behavior β requires us to study the asymptotic behavior of θ and f U as well. A sketch proof of the theorem is given in the appendix whereas the detailed derivation is collected in the online supplementary materials.
Simulation Study
In order to investigate the performance of the proposed approach in finite sample we carried out simulation studies. We generated X and Z from a Normal(0, 1) and a Uniform(0, 1) distribution, respectively. We further generated the time to event, T , from the model log(T ) = −Z − X + e, where e is generated from the distribution with its hazard function λ(u) = exp(u)/{1 + r exp(u)}. We considered r = 0, 0.5, 1, 1.5, and 2. Note that r = 0 and 1 correspond to the proportional hazard model and the proportional odds model, respectively. We set the censoring variable C = X 2 + Uniform(0, K), and choose K to yield 10% and 50% right censored data. The erroneous measurement W * is created by adding noise U * to X, and we generated U * from two different distributions, Normal(0, σ 2 U ) with σ 2 U = 0.5 and Uniform(−1.75, 1.75). We generated three replicates of W * for each subject, and here we present the results for n = 400. The supplementary material contains the results for n = 200.
We analyzed each data set by using the naive (NV) approach, the method proposed in Cheng and Wang (2001) (hereafter referred to as CW), and the proposed semiparametric (SP) approach. In the naive approach, we used the method proposed in Chen et al. (2002) place of X i , where m = 3. The standard error of the naive approach was calculated based on the formula given in (8) of Chen et al. (2002) . In the CW method we estimated the parameters by solving Equation (7) of CW and we assumed that censoring mechanism is independent of T, X, Z and W * . Furthermore, we assumed that
The survival probability of the censoring variable was estimated by the KaplanMeier method using the data {T * i , (1 − δ i )}. In the SP method we assumed that X given Z follows a normal distribution with mean γ 0 + γ 1 Z and variance σ 2 x . To estimate f U (·) following the process described in Section 3, we selected the bandwidth h via the plug-in bandwidth selection method from Sheather and Jones (1991) . The standard error of the SP method was calculated based on the formula given in Section 5.
For the NV and SP methods we present the bias, the standard deviation of the estimates, the mean squared error (MSE), the estimated standard error, and the coverage rate of the 95% confidence intervals. For the CW method, we present only the bias, standard deviation, and the MSE of the estimates. The results shown in Tables 1 and 2 (and Tables 1 and  2 in the supplementary materials) clearly indicate that the estimates of β 2 , the coefficient for X, are highly biased in the NV method and the corresponding coverage probabilities are strikingly lower than the nominal level 0.95. The CW method has large biases when the censoring rate is high, caused by the violation of the censoring mechanism assumption. In contrast, the proposed SP method has less bias compared with the naive approach and the CW approach when 50% data are censored, the estimated standard errors are closer to the sample standard deviation of the estimates and the coverage rates are close to 95%. In addition, using the proposed SP method, the amount of estimation bias decreases as the sample sizes increase, and the standard errors are decreasing with sample size. These features reflect the established asymptotic properties of the proposed estimator.
In order to assess the robustness of our approach we simulated Z from the Normal(0, 1) distribution and X from a two component mixture of normals distribution RNormal (−0.6, 0.5 2 ) +(1 − R)Normal(1.25, 0.5 2 ), where R ∼ Bernoulli(0.33) distribution. We generated U * from the Normal(0, 0.71
2 ) distribution and an asymmetric distribution R * Uniform(−1, 0) + (1 − R * )Normal( 0.499, 0.65 2 ), where R has a Bernoulli(0.5) distribution. This is a clear violation of our assumption. The censoring variable C was generated from a Uniform(0, K) distribution independently of any other variables, and we choose K to yield 10% and 80% right censored data, the latter resembles the very high percentage of censoring in the real data example. In the SP method we assumed that conditional on Z, X follows a normal distribution. Table  3 contains the results for r = 0, 1 and 2. The results indicate that SP method works quite well even when (1) the assumed model for X given Z is quite wrong and (2) measurement errors follow an asymmetric distribution. This suggests that SP seems to have certain robustness property, and moderate model violations may not have much visible impact on the results of the analysis. However, we would like to caution that in our experience, when the distribution of X conditional on Z is very different from the truth, estimation bias does occur.
To avoid possible convergence issues, we recentered W * ij by subtracting the mean of all W * ij . In the numerical calculations, we used the Hermite quadrature formula to compute integrals with respect to x. SinceĤ(·) is a step function, any Stieltjes integral with respect to H(·) is a sum of the product of the integrand and d
The naive estimates were used as the initial values for the computation of the SP method. We did not encounter any convergence issue in using the Newton-Raphson procedure to estimate the parameters. We point out that the computation time of these methods changes with the sample sizes and the percentage of censoring. For example, for n = 400, 10% censored data, r > 0, and 500 replications, computation of the estimates takes about 3.15 hours for the SP method and 16.3 hours for the CW method. All simulations were done on a 2.8GHz Intel Xeon X5560 processor. A   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 
Analysis of the AIDS Clinical Trial Data
We now apply the proposed method to analyze a subset of the data from the ACTG 175 study. This was a randomized, double-blind, placebo-controlled trial to understand the effect of the four therapies, 600 mg of zidovudine, 600 mg of zidovudine plus 400 mg of didanosine, 600 mg of zidovudine plus 2.25 mg of zalcitabine and 400 mg of didanosine on HIV-1 infected patients, see Hammer et al. (1996) for details. For our analysis we considered only n = 1036 subjects who did not have antiretroviral treatment before this trial, and 262, 257, 260, 257 subjects received the above 4 treatments, respectively. These subjects had two (i.e., m = 2) baseline measurements of CD4 counts prior to the start of their treatment, see Figure 1 for a scatter plot of these measurements. We considered time to AIDs or death from the date treatment started as the response variable T . Among the 1036 subjects, 85 subjects experienced the above event, and the median and average follow-up time were approximately 27 and 32 months, respectively.
We fit model (1) to this data set, where the logarithm of the actual CD4 count at the baseline minus 5.89 is considered as X. The choice of 5.89 is to make the distribution centered around 0. The two baseline measurements are considered to be two erroneous measurements for X. The three dummy variables corresponding to the four treatments are considered to be error free covariates Z where 600 mg of zidovudine was considered as the reference category. We modeled the hazard function of e in model (1) through h e (u) = exp(u)/{1 + r exp(u)}, and choose r = 0, 0.5, 1, 1.5, 2. Table 4 contains the estimate and the estimated standard error based on NV, CW, and SP methods. Figure 2 shows the deconvoluted density of X = log(CD4) under Normal and Laplacian errors for each treatment category obtained from W *
The bandwidth was selected using 1000 bootstrap samples. Since none of the deconvoluted densities deviates much from a unimodal bell-shaped curve, in the SP method we assume that X given Z follows a normal distribution.
The results of both the naive and the proposed methods indicate that log(CD4) has a statistically significant effect on the time to event. More importantly, after adjusting for the measurement errors, the estimate of the coefficient for CD4 counts, β 2 , is very different from the naive estimate. Overall, the naive estimate tends to underestimate the effect of CD4 counts. We find that compared to the monotherapy with zidovudine, other three therapies have statistically significant effect on delaying the time to event.
Conclusions
We have proposed a semiparametric method for handling mismeasured covariates in the linear transformation model. This approach resolves the errors-in-covariates issue in many A   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 Semiparametric Analysis of Linear Transformation Models 10 Biometrics distribution of X given Z. Although a misspecification of this assumption will lead to a biased estimator in principle, in practice, one can make this bias negligible by taking a flexible parametric model, such as a mixture of normals. Simulation study indicated that a moderate model violation may not have much impact on the results, while severe model violation certainly will bring estimation bias. The proposed method has two steps. In the first step, we estimate the model parameters involved in the distribution of X given Z. In the second step, we use these estimated parameters to estimate the main regression parameters. The two step procedure is easy to implement and is tractable analytically. Alternatively, a maximum likelihood based estimator is also possible, where one would maximize the joint density of (T * i , i , W * i ) given Z i with f U (·) being estimated separately and plugged in. This will require separate analysis both theoretically and numerically. The difference between this approach and our approach is that of the difference between the Martingale based approach and the NPMLE based approach in general survival analysis, and further investigation will be interesting and fruitful.
Results of the simulation study clearly indicate the usefulness of the proposed approach. In principle, the proposed method can be extended to handle the scenario where the main data contains only a single and possibly a biased measurement of the true covariate, where an external calibration study contains this biased surrogate variable and some gold standard measurements of the true covariate to assess the error distribution.
Supplementary Materials
Proofs and tables referenced in Sections 5 and 6, and the source code for computation are available with this paper at the Biometrics website on Wiley Online Library.
Appendix: A sketch proof of Theorem 1.
A Taylor expansion of the estimating equation yields
Thus, we first consider the asymptotic expansion of
In the supplementary materials we show that
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, θ, f U } asymptotically follows a normal distribution with mean 0 and variance
The above equality used the fact that cov{
Observe that the randomness of ϒ i (u) comes only from its random covariates W i , Z i , and consequently for any u, u
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